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ESTIMATING CLASS NUMBERS OVER METABELIAN
EXTENSIONS
ANTONIO LEI
Abstract. Let p be an odd prime and K∞,∞/K a p-adic Lie extension whose
Galois group is of the form Zd−1p ⋊ Zp. Under certain assumptions on the
ramification of p and the structure of an Iwasawa module associated to K∞,∞,
we study the asymptotic behaviours of the size of the p-primary part of the
ideal class groups over certain finite subextensions inside K∞,∞/K. This
generalizes the classical result of Iwasawa and Cuoco-Monsky in the abelian
case and gives a more precise formula than a recent result of Perbet in the
non-commutative case when d = 2.
1. Introduction
1.1. Setup and notation. We fix throughout this article an odd prime p and an
integer d ≥ 2. Let K be a number field that admits a unique prime p lying above p.
Let K∞,∞ be a d-dimensional p-adic Lie extension of K in which only finitely many
primes of K ramify and p is totally ramified. Furthermore, we fix a Zp-extension
Kc/K contained inside K∞,∞ and assume that
• Gal(K∞,∞/Kc) is torsion-free and abelian;
• Every prime of K that ramifies in K∞,∞ decomposes into finitely many
primes in Kc.
For example, when d = 2, we may take K = Q(µp), K
c = Q(µp∞) and K∞,∞
the Kummer extension Q (µp∞ , p
∞
√
α), where α 6= 0 is an integer such that p|α
or p||αp−1 − 1 (such α is said to be amenable for p and this ensures that p is
totally ramified in K∞,∞, see for example [Lee13, Proposition 2.4(i)] or [Viv04,
Theorem 5.2 and Lemma 6.1]). For a general d, we may take K∞,∞ to be the
multi-Kummer extension
Q
(
µp∞ , p
∞
√
α1, . . . , p
∞
√
αd−1
)
,
where αi 6= 0 are integers whose images in Q×p /(Q×p )p are linearly independent over
Fp and that the products α
n1
1 · · ·αnd−1d−1 , 0 ≤ ni ≤ p − 1, are all amenable (as this
implies that p totally ramifies in all cyclic sub-extensions of K∞,∞/K
c).
We denote the Galois groups G = Gal(K∞,∞/K), H = Gal(K∞,∞/K
c) and
Γ = Gal(Kc/K). In particular, we have the isomorphisms G ∼= H⋊Γ, H ∼= Z⊕(d−1)p
and Γ ∼= Zp.
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For 0 ≤ m,n ≤ ∞, we denote Hm = Hpm , Γn = Γpn , Gn,m = Hm⋊Γn ≤ G and
Kn,m = K
Gn,m
∞,∞ . We define Xn,m to be the Hilbert p-class group of Kn,m and write
en,m for the p-exponent of #Xn,m.
For any p-adic Lie group L, we shall write Λ(L) for the Iwasawa algebra
Zp[[L]] = lim←−
NEoL
Zp[L/N ].
If G is a pro-p group and x1, . . . , xr ∈ G, we shall write 〈x1, . . . , xr〉 for the
p-adic completion of the subgroup generated by the elements x1, . . . , xr . Simi-
larly, if X1, . . . , Xr ⊂ G, 〈X1, . . . , Xr〉 denotes the closed subgroup generated by
X1, . . . , Xr.
1.2. Main results. Let X (respectively X ′) be the Galois group of the maximal
abelian pro-p extension of K∞,∞ that is unramified everywhere (respectively un-
ramified outside p). When K∞,∞/K is a Zp-extension, a classical result of Iwasawa
[Iwa73a] says that X is torsion over Λ(Γ). Our first result is a generalization of this
result.
Theorem (Theorem 2.11). The Λ(G)-module X is torsion.
On studying the structure of X as a Λ(H)-module, we shall prove an asymptotic
formula for en,m with n fixed and m→∞.
Theorem (Corollary 3.4). For a fixed integer n, there exist integers µn and λn
such that
en,m = µn × p(d−1)m + λn ×mp(d−2)m +O(p(d−2)m)
for m≫ 0.
In other words, this gives us the asymptotic growth of the class numbers in the
H-direction. In the example above, this tells us how the size of the p-primary part
of the ideal class group of the extension
Q
(
µpn , p
m√
α1, · · · , pm√αd−1
)
varies as m → ∞. In particular, these extensions are not Galois in general. This
is analogous to the main result of [CM81] for Galois extensions of number fields
whose Galois groups are isomorphic to direct sums of Zp. In fact, our proof relies
heavily on the analysis of torsion Λ(H)-modules in Cuoco and Monsky’s work.
Let MH(G) be the category of finitely generated Λ(G)-modules M such that
M/M(p) is finitely generated over Λ(H), where M(p) denotes the submodule of
Zp-torsions inside M . In non-commutative Iwasawa theory studied by Coates,
Fukaya, Kakde, Kato, Ochi, Ritter, Sujatha, Venjakob, Weiss and many others (c.f.
[CFK+05, Kak13, OV02, RW11, Ven02, Ven03b]), X ′ is conjectured to be inside
MH(G) for totally real fields. Since X is a quotient of X ′, this would imply that
X ∈MH(G) as well. WhenKc/K is the cyclotomic Zp-extension, Iwasawa [Iwa73a,
Iwa73b] conjectured that the µ-invariant associated to this extension vanishes (this
is a theorem of Ferrero-Washington [FW79] when k/Q is an abelian extension). This
conjecture turns out to be equivalent to X itself (not just X/X (p)) being finitely
generated over Λ(H) (see Theorem 2.13 below as well as [MF16, Lemma 3.3] and
[CS05, Lemma 3.2] for the same result in different settings).
Our second result is an asymptotic formula for en,n as n → ∞ when d = 2 and
X is finitely generated over Λ(H).
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Theorem (Corollary 5.3). Suppose that d = 2 and X is finitely generated over
Λ(H). If the unique prime of K above p is totally ramified in K∞,∞, then
en,n = τ × npn +O(pn),
where τ = rankΛ(H) X .
We remark that our theorem always applies when K∞,∞ = Q(µp∞ , p
∞
√
α) for
some integer α that is amenable for p since the theorem of Ferrero-Washington tells
us that our hypothesis on X holds. In particular, it confirms the prediction made
by Venjakob [Ven03a, §8] for the extension Q(µp∞ , p∞√p). Our result can also be
seen as a generalization of the classical result of Iwasawa [Iwa73a] on Zp-extensions
in the special case that the µ-invariant vanishes. If G is abelian, that is G ∼= Z2p,
we recover the main result of [CM81] again in the case when the µ-invariant is 0
(denoted by m0 in loc. cit.).
In [Per11], Perbet studied the variation of class numbers when G is a general
d-dimensional p-adic Lie group with no p-torsion, without our assumption on X
being finitely generated over Λ(H) nor any assumption on the ramification of p.
More precisely, if e˜n,n denotes the p-exponent of #Xn,n/pn (rather than Xn,n itself),
Perbet showed that
(1.1) e˜n,n = ρ× npdn + µ× pdn +O(np(d−1)n),
where ρ = rankΛ(G) X and µ is the µ-invariant of X as defined in [Ven02]. Under our
assumption that X is finitely generated over Λ(H), both ρ and µ vanish. In this case,
the formula of Perbet becomes simply O(np(d−1)n). Our formula in Corollary 5.3
is therefore slightly more precise. We shall show at the end of this article that our
method yields an upper bound of e˜n,n in the case d = 2 and X ∈ MH(G) (the
constant ρ would be 0, but µ may be non-zero).
Theorem (Corollary 6.2). If d = 2 and X ∈MH(G), then
e˜n,n ≤ µ× p2n + τ × npn +O(pn),
where τ = rankΛ(H) X/X (p).
Acknowledgment. We would like to thank Daniel Delbourgo, Dohyeong Kim
and Bharathwaj Palvannan for very informative discussions during the preparation
of this paper. We are also indebted to the anonymous referees for their valuable
comments and suggestions which led to many improvements in the paper.
2. Preliminary results
2.1. Ramification groups and class groups. Let Σ be the set of primes of K
that ramify inK∞,∞. In particular, p ∈ Σ. Since p is assumed to be totally ramified
in K∞,∞, its (unique) decomposition group inside G is G itself.
If ν ∈ Σ, we have assumed that there are only finitely many primes in Kc lying
above ν. On replacing K by Kn,0 if necessary, we may assume that ν is inert in
Kc. In particular, if ν1 and ν2 are two primes of K∞,∞ lying above ν, then they
differ by an element in H .
Let M be the maximal unramified abelian pro-p extension of K∞,∞ and write
X = Gal(M/K∞,∞) and Y = Gal(M/K). Note that X is normal in Y with
Y/X ∼= G. For each g ∈ G, let g˜ ∈ Y be a lifting of g. If x ∈ X , we have the
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action xg = g˜−1xg˜. This turns X into a Λ(G)-module. We recall from [Per11,
Proposition 3.1] that X is a finitely generated Λ(G)-module.
For each ν ∈ Σ, we fix ν¯ a prime of M above ν and write Iν for the inertia
group of ν¯ inside Y. We note that Ip is isomorphic to G since we assume that p
is totally ramified in K∞,∞ and it is unramified in M. In particular, we have the
isomorphism
(2.1) Y ∼= X ⋊G,
where we identify G with Ip. Each element of Y may be written as (x, g) for some
x ∈ X and g ∈ G. Note in particular that under this identification, we have the
equality
(2.2) Ip = {(1, g) : g ∈ G}.
For 0 ≤ m,n ≤ ∞, we define Yn,m = Gal(M/Kn,m). For each ν ∈ Σ, we
write Iνn,m for the inertia group of our choice of ν¯ inside Yn,m and I¯νn,m its image
under the natural projection Yn,m → Gn,m. We note that I¯νn,m ∼= Iνn,m since the
extension M/K∞,∞ is unramified.
Since X is normal in Y, it is also normal in Yn,m. Consequently, [X ,Yn,m] is
normal in Yn,m and we may consider the quotient Yn,m/[X ,Yn,m].
Lemma 2.1. The image of Ipn,m in the quotient Yn,m/[X ,Yn,m] is normal. That
is,
〈[X ,Yn,m], Ipn,m〉/[X ,Yn,m]E Yn,m/[X ,Yn,m].
Proof. Let (1, g) ∈ Ipn,m (which makes sense thanks to (2.2)) and (x, h) ∈ Yn,m.
Then
(x, h)−1(1, g)(x, h) = (x(g−1)h
−1
, h−1gh).
Note that xg−1 = x−1g˜−1xg˜ ∈ [X ,Yn,m], hence the result. 
Let Cn,m the subgroup of Yn,m generated by [Yn,m,Yn,m] and all the inertia
groups Iσνn,m , for ν ∈ Σ and σ ∈ X ⋊H . This contains all the inertia groups inside
Yn,m since any two primes of M lying above ν differ by an element in X ⋊ H .
Finally, we define Bn,m = Cn,m ∩ X . Recall from the introduction that Xn,m is
defined to be the Hilbert p-class group of Kn,m. It may be described as follows.
Lemma 2.2. We have the isomorphism Xn,m ∼= X/Bn,m.
Proof. Class field theory tells us that
Xn,m ∼= Yn,m/Cn,m.
By the isomorphism theorem, we have X/Bn,m ∼= XCn,m/Cn,m. This gives the
short exact sequence
1→ X/Bn,m → Xn,m → Yn,m/XCn,m → 1.
Recall that Yn,m/X ∼= Gn,m, the last term of the short exact sequence can be
described by
Yn,m/XCn,m ∼= Gn,m/〈[Gn,m, Gn,m], I¯σνn,m : ν ∈ Σ, σ ∈ H〉.
But p ∈ Σ and I¯pn,m = Gn,m since p is totally ramified in K∞,∞. Hence, this
quotient is trivial and the result follows. 
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In particular, this gives us the following short exact sequence:
(2.3) 0→ Bn,m/IGn,mX → X/IGn,mX → Xn,m → 0.
2.2. Description of Bn,m. We write IGn,m for the augmentation ideal of Gn,m
in Λ(G), that is the ideal generated by g − 1, g ∈ Gn,m. We have the following
description.
Lemma 2.3. We have the equality
[X ,Yn,m] = IGn,mX .
Proof. Let x ∈ X and y ∈ Yn,m. We write y¯ for the image of y in Gn,m. Then,
[x, y] = x−1y−1xy = xy¯−1.
Hence the result. 
Corollary 2.4. The augmentation ideal IGn,mX is a normal subgroup of Yn,m.
Proof. As we have seen in Lemma 2.1, [X ,Yn,m] is normal in Yn,m. Hence, the
result follows from Lemma 2.3. 
The augmentation ideal allows us to describe the commutator subgroup of Yn,m
as follows.
Proposition 2.5. We have the equality
[Yn,m,Yn,m] =
〈
IGn,mX , [Ipn,m , Ipn,m ]
〉
.
Proof. Recall that X is normal in Yn,m, Yn,m/X ∼= Gn,m and Ipn,mX/X ∼= Gn,m.
Hence, every element of Yn,m can be written as x · b for some x ∈ X and b ∈ Ipn,m .
Let x1b1, x2b2 be any two elements of Yn,m written in this way. We have the
commutator identity
[x1b1, x2b2] = [x1, x2b2]
b1 [b1, x2b2] = [x1, x2b2]
b1 [b1, b2][b1, x2]
b2 .
On the one hand, [b1, b2] ∈ [Ipn,m , Ipn,m ] by definition. On the other hand, both
[x1, x2b2] and [b1, x2] are inside [X ,Yn,m], which is equal to IGn,mX by Lemma 2.3.
Hence the result. 
Corollary 2.6. We have
Cn,m =
〈
IGn,mX , Iσνn,m : ν ∈ Σ, σ ∈ X ⋊H
〉
;
Bn,m = IGn,mX + 〈Iσνn,m : ν ∈ Σ, σ ∈ X ⋊H〉 ∩ X .
Proof. By definition [Yn,m,Yn,m] ⊂ Cn,m and IGn,mX ⊂ X , so we see from Propo-
sition 2.5 that
IGn,mX ⊂ Bn,m.
Furthermore, Corollary 2.4 says that IGn,mX is normal in Yn,m. Therefore, the
second equality follows from the first.
Recall that Cn,m is defined to be〈
[Yn,m,Yn,m], Iσνn,m : ν ∈ Σ, σ ∈ X ⋊H
〉
.
Therefore, the first equality follows from the description of [Yn,m,Yn,m] in Propo-
sition 2.5 and the fact that [Ipn,m , Ipn,m ] is contained in Ipn,m . 
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Proposition 2.7. The quotient Bn,m/IGn,mX is a Λ(H)-module generated by the
elements x ∈ X satisfying the property that (x, h) ∈ Iνn,m for some ν ∈ Σ \ {p} and
h ∈ Hm.
Proof. Suppose that (x, h) ∈ Iνn,m for some h ∈ Hm and ν ∈ Σ \ {p}, then (1, h) ∈
Ipn,m thanks to (2.2). Consequently, (x, 1) = (x, h)(1, h)
−1 ∈ Cn,m ∩ X = Bn,m.
Recall from Lemma 2.1 that the image of Ipn,m in Yn,m/[X ,Yn,m] is a normal
subgroup. By Lemma 2.3, we have [Xn,m,Yn,m] = IGn,mX . Hence,
〈IGn,mX , Ipn,m〉/IGn,mX E Cn,m/IGn,mX .
On applying Corollary 2.6, we deduce that every element in Cn,m/IGn,mX may
be written as a product αβ for some α ∈ 〈Iσνn,m : ν ∈ Σ \ {p}, σ ∈ X ⋊H〉 and
β ∈ Ipn,m .
Suppose that an element αβ as above is contained in Bn,m/IGn,mX . Then, α is
a product of elements of the form (xν , hν)
σ ∈ Iνn,m , where σ = (xσ, hσ) ∈ X ⋊H .
We have in fact
(xν , hν)
σ = (x
(hν−1)h
−1
σ
σ x
h−1σ
ν , hν)
given that H is abelian. But x
(hν−1)h
−1
σ
σ ∈ [X ,X ⋊Hm] ⊂ IGn,mX by Lemma 2.3
and the fact that hν ∈ Hm. Furthermore, we have the identity (xν , hν)(xν′ , hν′) =
(xνx
hν
ν′ , hνhν′), which implies that α = (x, h) for some x ∈ X is inside the Λ(H)-
module generated by the elements xν as described in the statement of the proposi-
tion and h ∈ Hm with β = (1, h−1). Hence the result. 
2.3. The Zp-rank of Bn,m/IGn,mX . In the previous section, we showed in Propo-
sition 2.7 that we may find explicit generators for the quotient Bn,m/IGn,mX . We
shall now bound its Zp-rank.
The aforementioned quotient is generated by the “projection” of Ihνn,m in X ,
where ν ∈ Σ \ {p} and h ∈ H . But the map Y → X , (x, g) 7→ x is not a group
homomorphism a priori. However, if (x, g), (y, h) ∈ Yn,m, we have
(x, g) · (y, h) = (xyg, gh),
and
xyg ≡ xy mod [X ,Yn,m] = IGn,mX
by Lemma 2.3. Therefore, the map
Yn,m/IGn,mX → X/IGn,mX
(x, g) 7→ x
is a well-defined group homomorphism.
Lemma 2.8. The quotient Bn,m/IGn,mX is a finitely generated Zp-module. Fur-
thermore, its rank is bounded by rn,m, where rn,m is the number of places of Kn,m
above Σ \ {p}.
Proof. As discussed above, the quotient is generated by the projections of Ihνn,m in
X , where ν ∈ Σ \ {p} and h ∈ H , which corresponds to all the inertia groups of the
places of M lying above Σ \ {p}.
If two primes ofM differ by an element in Yn,m, then their inertia groups coincide
modulo IGn,mX as we have seen in the proof of Proposition 2.7. Therefore, if for
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each prime of Kn,m lying above Σ \ {p}, we pick one prime in M lying above this
prime, the resulting inertia groups generate the quotient Bn,m/IGn,mX .
Our result then follows from the fact that each of these inertia groups has Zp-
rank at most 1. Indeed, all primes in Σ\{p} are coprime to p by assumption, so the
maximal pro-p extension of Kν is isomorphic to Zp⋊Zp, which is of dimension 2, as
given by [Ser63, II.§5.6 Exercices]. Since Kν admits a one-dimensional unramified
Zp-extension, the inertia group has dimension at most 1. 
Lemma 2.9. Let rn,m be as defined in Lemma 2.8, then
(i) For n sufficiently large, rn,m depends only on m;
(ii) rn,m = O(p
(d−2)m) for m≫ 0.
Proof. Since there is a finite number of primes in K∞,m lying above each prime of
Σ \ {p}, part (i) follows.
We now prove part (ii). Fix a prime ν¯ of K∞,∞ above ν ∈ Σ \ {p}. As we
have seen in the proof of Lemma 2.8, the inertia group of ν¯ is a p-adic Lie group
of dimension one. Furthermore, ν is inert over Kc/Kn,0 for n sufficiently large.
Therefore, the decomposition group of ν¯ is of dimension two.
Let ̟ be a prime of Kn,m above ν. Let G̟ be the decomposition group of ̟
in the extension Kn,m/K. Our observation on the dimension of the decomposition
group of ν¯ tells us that there exists a constant C > 0 such that |G̟| ≥ C × pn+m
for all ̟. But
pn+(d−1)m = |G : Gn,m| =
∑
̟|ν
|G̟|.
If rn,m,ν denotes the number of places of Kn,m above ν. Then,
rn,m,ν ≤ pn+(d−1)m/Cpn+m = p(d−2)m/C,
which gives (ii). 
On combining these two lemmas, we deduce:
Corollary 2.10. The quotient Bn,m/IGn,mX is a finitely generated Zp-module with
rankZp Bn,m/IGn,mX = O(p(d−2)m)
for m≫ 0 (and independent of n).
2.4. Algebraic structure of X . Our analysis on Bn,m allows us to study the
structure of X as a Λ(G)-module. In particular, we prove the following.
Theorem 2.11. The Λ(G)-module X is torsion.
Proof. As we have recalled above, X is finitely generated over Λ(G) by [Per11,
Proposition 3.1]. In particular, if ρ denotes its rank, [Har00, Theorem 1.10] tells us
that
rankZp X/IGn,nX = ρ× pdn +O(p(d−1)n).
By (2.3), together with Corollary 2.10 and the finiteness of Xn,n, we have in fact
rankZp X/IGn,nX = O(p(d−2)n).
This implies that ρ = 0 and hence the result. 
This allows us to eliminate the most dominant term of Perbet’s formula (1.1).
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Corollary 2.12. Let e˜n,n denote the p-exponent of #Xn,n/pn. Then,
e˜n,n = µ× pdn +O(np(d−1)n),
for some integer µ.
Under an additional hypothesis on X∞,0, we can in fact show more:
Theorem 2.13. The Λ(Γ)-module X∞,0 is finite if and only if X is finitely gener-
ated over Λ(H). In particular, when this holds, X belongs to the MH(G)-category.
Proof. The short exact sequence (2.3) becomes
0→ B∞,0/IHX → X/IHX → X∞,0 → 0
if we take m = 0 and n =∞. Corollary 2.10 tells us that the first term of the short
exact sequence is finite over Zp. Therefore, the second term is finite over Zp if and
only the last term is. Suppose that X is finite over Λ(H), then X/IHX is finite
over Zp, which gives one implication of the theorem. If on the other hand X∞,0 is
finite over Zp, then so is X/IHX . Consequently, Nakayama’s Lemma (c.f. [CH01,
Lemma 2.6] or [BH97]) implies that X is finite over Λ(H), which gives the other
implication as claimed. 
3. Growth in the H-direction
In this section, we fix an integer n ≥ 0 and estimate the growth in en,m as
m→ ∞. Our strategy is to make use of our estimation on Bn,m/IGn,m from §2.2,
in conjunction with the short exact sequence (2.3).
Recall that X is finitely generated over Λ(G). Consequently, XΓn is a finitely
generated Λ(H)-module. In fact, we can say more:
Lemma 3.1. The Λ(H)-module XΓn is torsion.
Proof. Let M be a finitely generated Λ(H)-module. If rankΛ(H)M = r, then
rankZp MHm = r × p(d−1)m +O(p(d−2)m)
(c.f. [Har00, Theorem 1.10]).
The Hm-coinvariant of XΓn is nothing but X/IGn,mX . Since Xn,m is finite, (2.3)
tells us that X/IGn,mX has the same Zp-rank as Bn,m/IGn,mX . Hence the result
by Corollary 2.10. 
We recall the following definition from [CM81, §4]. LetM be a finitely generated
torsion Λ(H)-module. A structure S on M consists of a fixed integer m0 together
with a finite set of pairs (τi,Mi), where τi ∈ H \H1 and Mi submodules of M . For
every structure of M , we define for m ≥ m0
Am(S) = IHmM +
∑
i
Φm/m0(τi) ·Mi,
where Φm/m0(X) denotes the polynomial (X
pm − 1)/(Xpm0 − 1). Such a struc-
ture is said to be admissible if rankZp M/Am(S) = O(p(d−3)n) (for d ≥ 3) or
rankZp M/Am(S) = O(1) (for d = 2).
Let M be a finitely generated Zp-module, we shall write Mt for the torsion
submodule of M and e(M) for the p-exponent of the order of Mt. The following
result is proved in loc. cit.
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Theorem 3.2. Let M be a finitely generated torsion Λ(H)-module and S an ad-
missible structure on M . Then,
e(M/Am(S)) = µH(M)× p(d−1)m + λH(M)×mp(d−2)m +O(p(d−2)m)
for some non-negative integers µ(M) and λ(M) that are independent of m and S.
Proof. This is Lemma 4.9 and Theorem 4.13 in op. cit. when d ≥ 3. For the
case d = 2, we have H = Zp and the result follows from the classical results of
[Iwa73a]. 
Lemma 3.3. There exists an admissible structure S on XΓn such that Xn,m =
XΓn/Am(S) for m≫ 0.
Proof. Let ν ∈ Σ \ {p}. Then I¯νn,m is a subgroup of Hm. Therefore, there exists
an integer m0 such that Hm/I¯νn,m is torsion-free for all m ≥ m0. Since Σ is finite,
we may assume that m0 is an integer satisfying this property for all ν.
Recall from the proof of Lemma 2.8 that each I¯νn,m is of dimension 1. Suppose
that Iνn,m0 = 〈(xν , hν)〉. Then hν ∈ Hm0 \ Hm0+1. In particular, we may write
hν = k
pm0
ν for some kν ∈ H \H1. Furthermore, for all m ≥ m0, we have
Iνn,m = 〈(xν , hν)p
m−m0 〉 = 〈(xΦm/m0 (kν)ν , kpmν )〉.
Therefore, Proposition 2.7 tells us that
Bn,m = IGn,mX +
∑
ν
Φm/m0(kν)Λ(H) · xν .
Hence, if we take S = {m0, (kν ,Λ(H) · xν) : ν ∈ Σ \ {p}}, then Bn,m = Am(S) as
Xn,m ∼= X/Bn,m by Lemma 2.2. Finally, the structure is admissible because Xn,m
is finite by definition. 
Corollary 3.4. For a fixed n, we have the formula
en,m = µH(XΓn)× p(d−1)m + λH(XΓn)×mp(d−2)m +O(p(d−2)m).
Proof. This follows from combining Theorem 3.2 with Lemmas 3.1 and 3.3. 
4. Interlude: review on Λ(Γ)-modules
We identify Λ(Γ) with the power series ring Zp[[X ]] on choosing a topological
generator γ of Γ and identifying γ − 1 with X . We write ωn = (1 +X)pn − 1 for
n ≥ 0 and Φn = ωn/ωn−1 denotes the cyclotomic polynomial of order pn in 1 +X
for n ≥ 1. We shall fix a primitive pn-th root of unity ζpn and write ǫn = ζpn − 1.
Finally, we write Φn/n0 = ωn/ωn0 for n ≥ n0 as in §3.
Let F ∈ Λ(Γ). Weierstrass Preparation Theorem tells us that there exists a
factorization F = u × pµ × g, where u ∈ Λ(Γ)×, µ ∈ Z≥0 and g is a distinguished
polynomial. We shall write µΓ(F ) = µ and λΓ(F ) = deg(g).
If M is a finitely generated torsion Λ(Γ)-module, it is known that there exist
F1, . . . , Fr ∈ Λ(Γ) and an injective Λ(Γ)-morphism
φ : M/M ′ →
r⊕
i=1
Λ(Γ)/(Fi),
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whereM ′ denotes the maximal pseudo-null Λ(Γ)-submodule ofM and the cokernel
of φ is pseudo-null. Note that a pseudo-null Λ(Γ)-module is simply a module over
Λ(Γ) with finite cardinality.
The Λ(Γ)-ideal generated by the product
∏r
i=1 Fi is called the characteristic
ideal ofM . We write µΓ(M) =
∑
µΓ(Fi) and λΓ(M) =
∑
λΓ(Fi). We remark that
the condition X∞,0 being finitely generated over Zp in Theorem 2.13 is equivalent
to µΓ(X∞,0) = 0.
The following result of Iwasawa in [Iwa73a] is well-known.
Theorem 4.1. Let M be a finitely generated torsion Λ(Γ)-module. Then, there
exist constants νΓ(M) and n0 such that MΦn/n0 is finite with
e(MΦn/n0 ) = µΓ(M)× pn + λΓ(M)× n+ νΓ(M)
for all n ≥ n0.
This result has been reproved in many different places, e.g. [Kob03, §10.2],
[NSW08, §5.3] and [Was97, §13.3]. We shall give a sketch proof in the special case
where the characteristic ideal of M is coprime to ωn for all n. In doing so, we shall
be able to say how large n needs to be to ensure that the formula for e(MΦn/n0 )
holds and give information on νΓ(M).
Lemma 4.2. Let n ≥ 1 and F ∈ Λ(Γ) with gcd(F, ωn) = 1. Consider the projection
map
πn : Λ(Γ)/(F, ωn)→ Λ(Γ)/(F, ωn−1).
We have
(i) rankZp Λ(Γ)/(F, ωn) = rankZp Λ(Γ)/(F, ωn−1) = 0;
(ii) kerπn is finite and e(kerπn) = ordǫn F (ǫn).
Proof. This is well-known. See for example [Was97, §13.3] or [Kob03, Lemma 10.5].

Corollary 4.3. Under the same notation as Lemma 4.2, if
F = u× pµ ×
r∏
i=1
Fi,
where u ∈ Λ(Γ)×, µ = µΓ(F ) and Fi are distinguished polynomials of degree di,
then
e(kerπn) = µ× pn−1(p− 1) + λΓ(F )
whenever pn−1(p− 1) > di for i = 1, . . . , r.
Proof. Firstly, it is immediate that ordǫn(u) = 0 and ordǫn p
µ = µ × pn−1(p − 1).
Secondly, for each i, we may write Fi as X
di + pGi for some polynomial Gi defined
over Zp with degree < di. As
di = ordǫn(ǫ
di
n ) < p
n−1(p− 1) ≤ ordǫn(pGi(ǫn)),
we have ordǫn Fi(ǫn) = degFi. Hence the result. 
Corollary 4.4. Suppose that F is as in Corollary 4.3, then
e(Λ(Γ)/(F, ωn))− e(Λ(Γ)/(F, ωn0)) = µ× (pn − pn0) + λΓ(F )× (n− n0)
for all n ≥ n0, where n0 is a fixed integer satisfying pn0−1(p − 1) > di for i =
1, . . . , r.
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Proof. For m ∈ {n, n− 1, . . . n0 + 1}, Lemma 4.2(ii) tells us that
e(kerπm) = e(Λ(Γ)/(F, ωm))− e(Λ(Γ)/(F, ωm−1)).
Hence the result by Corollary 4.3. 
Lemma 4.5. Let M be a finitely generated torsion Λ(Γ)-module, with maximal
pseudo-null submodule M ′. Let φ :M/M ′ → Λ/(F ) be an injective Λ(Γ)-morphism
with finite cokernel. Suppose that gcd(F, ωm) = 1 for all m ≥ 1. Then, MΓn is
finite and
e(MΓn) = e(Λ/(F, ωn)) + e(M
′
Γn)
for any integer n ≥ 1.
Proof. Let C be the cokernel of φ. Our assumption on F implies that
Λ(Γ)/(F )
ωn−→ Λ(Γ)/(F )
is injective. On applying the snake lemma to the short exact sequence 0→M/M ′ →
Λ/(F )→ C → 0, we have the exact sequence
0→ CΓn → (M/M ′)Γn → Λ/(F, ωn)→ CΓn → 0.
Since C is finite, the first and the last terms of the exact sequence have the same
cardinality. Since F is coprime to ωn, Λ/(F, ωn) is finite and hence have the same
cardinality as (M/M ′)Γn .
SinceM/M ′ injects into Λ(Γ)/(F ), the fact that multiplication by ωn is injective
on Λ(Γ)/(F ) means that it is also injective on M/M ′. Therefore, if we apply the
snake lemma to 0→M ′ →M →M/M ′ → 0, we have
e(MΓn) = e((M/M
′)Γn) + e((M
′)Γn),
which implies the result. 
We note thatM ′Γn =M
′ for n≫ 0 (see for example [NSW08, Lemma 5.3.14(v)]).
Proposition 4.6. Let M be a finitely generated Λ(Γ)-module. Let F ∈ Λ(Γ) be a
generator of its characteristic ideal. Suppose that gcd(F, ωm) = 1 for all integers
m ≥ 1. Let n0 be an integer such that all the irreducible distinguished polynomials
that divide F have degree < pn0−1(p− 1). Then,
e(MΓn)− e(MΓn0 ) = µΓ(M)× (pn− pn0) + λΓ(M)× (n− n0) + e(M ′Γn)− e(M ′Γn0 )
for all n ≥ n0.
Proof. This is an immediate consequence of Corollary 4.4 and Lemma 4.5. 
5. Estimating the growth of en,n when d = 2
Throughout this section, we assume that d = 2. Let m,n ≥ 0 be integers and
consider the Λ(Γ)-module
Mm := X∞,m ∼= X/B∞,m,
where B∞,m is as defined in §2.2. By definition, this is the Galois group of the
maximal pro-p unramified extension of K∞,m. Then, on taking Γn-coinvariant, we
have
(Mm)Γn = X/〈IΓnX , B∞,m〉 ∼= Xn,m
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thanks to Lemma 2.2. As Xn,m is finite, Mm is a finitely generated Λ(Γ)-module
whose characteristic ideal is coprime to ωn for all n ≥ 1. We deduce from Proposi-
tion 4.6 that for a fixed m, there exists an integer nm such that for all n ≥ nm,
(5.1) en,m− enm,m = µΓ(Mm)× (pn−pnm)+λΓ(Mm)× (n−nm)+ e′n,m− e′nm,m,
where e′n,m = e((M
′
m)Γn), with M
′
m being the maximal pseudo-null submodule of
Mm. We shall study how λΓ(Mm), µΓ(Mm), e(M
′
m) and nm vary in m.
5.1. Estimating Iwasawa invariants. In this section, we assume that X ∈
MH(G), where MH(G) is the category as defined in the introduction. Let us
recall the definition of µ-invariants of finitely generated Λ(G)-modules. Let M be
a finitely generated Λ(G)-module that is Zp-torsion. It is proved in [Ven02] that
M is pseudo-isomorphic to ⊕
i
Λ(G)/pni
for some integers ni. We have the µ-invariant µG(M) :=
∑
ni. More generally, if
M is a finitely generated Λ(G)-module. We define µG(M) := µG(M(p)).
We shall write X˜ for the quotient X/X (p), which is finitely generated over Λ(H)
by our MH(G)-hypothesis. Let τX denote the Λ(H)-rank of X˜ . We have the
following short exact sequence
(5.2) 0→ X (p)→ X → X˜ → 0.
Proposition 5.1. We have
λΓ(XHm ) = τX × p(d−1)m +O(1), µΓ(XHm) = µG(X )× pm
Proof. From (5.2), there is a long exact sequence
H1(Hm, X˜ )→ X (p)Hm → XHm → X˜Hm → 0.
Since X (p) is Zp-torsion, this tells us that
rankZp XHm = rankZp X˜Hm .
But the latter is equal to τX × pm +O(1) as given by [Har00, Theorem 1.10]. This
gives the formula for λΓ(Hm).
We now turn our attention to the µ-invariant. Since X˜ is finitely generated
over Λ(H) and hence over Λ(Hm), the homology groups Hi(Hm, X˜ ) are finitely
generated over Zp for all i ≥ 0. Therefore, the same long exact sequence tells us
that
µΓ(X (p)Hm ) = µΓ(XHm).
Following [CK13, Lemma 5.2], we have the equation
µHm⋊Γ(X ) = µΓ (X (p)Hm) .
But [G : Hm ⋊ Γ] = p
m, so the formula [CS05, (4)]) tells us that
µHm⋊Γ(X ) = µG(X )× pm.
Hence the result follows on combining the last three equations. 
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5.2. Estimating maximal finite submodules and en,n. In this section, we
assume that the hypothesis µΓ(M0) = 0 holds. We recall from Theorem 2.13 that
this is equivalent to X being finitely generated over Λ(H). This allows us to deduce
the following estimates.
Proposition 5.2. If M ′m is the maximal finite Λ(Γ)-submodule of Mm, then
e(M ′m) = O(p
m).
Proof. We recall from §3 that there exist an integer m0, xν ∈ X and kν ∈ H \Hp
for each ν ∈ Σ \ {p} such that
B∞,m = IHmX +
∑
ν
Φm/m0(kν)Λ(H) · xν
for all m ≥ m0. Since we are assuming that d = 2 here, we may in fact assume that
kν = h for all ν, where h is some fixed topological generator of H . In particular,
we have the equation
B∞,m = Φm/m0(h)B∞,m0 .
Since we are assuming that X is finitely generated over Λ(H) and H ∼= Zp, the
structure theorem for finitely generated Λ(H)-modules tells us that
B∞,m0 ∼ Λ(H)r ⊕ T,
where ∼ signifies a pseudo-isomorphism, r = rankΛ(H) B∞,m0 and T is a torsion
Λ(H)-module. Therefore,
e(B∞,m0/B∞,m) = e((B∞,m0)Φm/m0 (h)) = e(TΦm/m0(h)) = O(p
m),
as given by Theorem 4.1 (with H replacing Γ).
The isomorphism theorem gives us the short exact sequence
0→ B∞,m0/B∞,m →Mm →Mm0 → 0.
Hence e(Mm) ≤ e(B∞,m0/B∞,m) + e(Mm0), which finishes the proof. 
Corollary 5.3. If µΓ(M0) = 0, then
en,n = τX × npn +O(pn).
Proof. Under our assumption on X , [DL16, Corollary A.4] tells us that there exists
an integer ρ such that the Λ(Γ)-characteristic ideal of XHm factorises into polyno-
mials whose degrees are bounded by ρ. The same can be said aboutMm given that
it is a quotient of XHm . In particular, by Proposition 4.6, the estimates in (5.1)
hold whenever pn−1(p− 1) > ρ. Hence, we may choose nm = n0 for some fixed n0
that is independent of m.
We recall from Corollary 3.4 that en0,m = O(p
m). Furthermore, if X is finitely
generated over Λ(H), then µG(X ) = 0. Hence, our result follows on combining
(5.1) with Propositions 5.1 and 5.2. 
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6. Bounding e˜n,n in the case d = 2
In this section, we assume that d = 2 and X ∈MH(G). Since X is torsion over
MH(G) in this setting, we have already seen in Corollary 2.12 that the asymptotic
formula of Perbert can be improved to
e˜n,n = µ× p2n +O(npn).
However, the error term is larger than that of Corollary 5.3. We now show that we
may obtain an upper bound on e˜n,n with the same error term under our assumption
X ∈MH(G).
Proposition 6.1. Assume that X ∈MH(G) and write X˜ = X/X (p). Then,
e(XGn,n) ≤ µG(X )× p2n + τX × npn +O(pn),
where τX = rankΛ(H) X˜ .
Proof. From (5.2), we obtain the long exact sequence
(6.1) · · · → X (p)Gn,n → XGn,n → X˜Gn,n → 0.
We shall use e(X˜Gn,n) and e(X (p)Gn,n) to bound e(XGn,n).
Since X˜ is finitely generated over Λ(H), we have already seen in the proofs of
Propositions 5.1 and 5.2 that X˜Hn is a finitely generated Λ(Γ)-module with
µΓ(X˜Hn) = 0, λΓ(X˜Hn) = τX × pn +O(1), e(X˜ ′Hn) = O(pn).
Consequently, e(X˜Gn,n) = τX × npn +O(pn) by Theorem 4.1.
Since X (p) is Zp-torsion and finitely generated over Λ(G), it follows that X (p)Gn,n
is finite. Recall that there is a pseudo-isomorphism of Λ(G)-modules
X (p) ∼
⊕
i
Λ(G)/pni
for some integers ni. In general, if M and N are pseudo-isomorphic Λ(G)-modules
that are both Zp-torsion, then [DL16, Lemma 4.2] tells us that
#MGn,n = #NGn,n × pO(p
n)
under our assumptions. Therefore,
#X (p)Gn,n = #
⊕
i
Zp[G/Gn,n]/p
ni × pO(pn)
and hence
e(X (p)Gn,n) = p2n ×
∑
i
ni + p
n = µG(X ) × p2n +O(pn).
This finishes our proof. 
Corollary 6.2. We have the upper bound
e˜n,n ≤ µG(X ) × p2n + τX × npn +O(pn)
Proof. First of all, we observe that e˜n,n ≤ e(XGn,n)/pn) thanks to the short exact
sequence (2.3). Therefore, it is enough to bound e(XGn,n)/pn).
Since XGn,n is a finitely generated Zp-module, it is isomorphic to
Z⊕anp ⊕ Tn
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for some integer an ≥ 0 and some finite Zp-module Tn. This gives an isomorphism
of abelian groups
(XGn,n)/pn ∼= (Z/pn)an × Tn/pn.
In particular, this tells us that
e((XGn,n)/pn) = an × n+ e(Tn/pn) ≤ an × n+ e(Tn).
Since we are assuming d = 2, Corollary 2.10 tells us that an = O(1). Hence we are
done by the bound on e(Tn) given in Proposition 6.1. 
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